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I ABSTRACT

I That portion of the liine absorption coefficient for heated air which depends only on the

i molecular band systems, i.e., not on population numbers, has been calculated for each

line in the frequency region of interest, with a total of over 150,000 lines tabulated on

magnetic tape,

With the results for the 0 2 Schumann-Runge system, a prelimmn-ary transport calcu-[lation has been completed for a slab of molecular oxygen. The effect of line widths on

transmission is illustrated, and average transmissions are given as a function of fre-

[quency. The present results are compared with those of a previous calculation.

I
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jSection i

INTRODUCTIONI
This report summ, marizes recent progress mrade toward the theoretical determination

of the spectral absorption coefficient for heated air in the temperature-density region

where discrete molecular transitions are dominant. Previous investigations at this

laboratory have been made along similar or related lines, but the molecular spectra

were not considered in such detail, Meyerott, Sokoloff, and Nicholls (Ref. 1) have

calculated the spectral contribution to the absorption coefficient of air for the opti-

cally thin case, while Armstrong et al. have treated the similar atomic problem

(Ref. 2). The regions in the temperature-density plane where molecular phenomena

I might be expected to make a sizeable contribution are pointed out in a recent article
by Armstrong, Sokoloff, Nicholls, Holland, and Meyerott (Ref. 3).I
In the present study, six molecular systems will be considered: the Schumann-Runge

syStem of 02 , the first and second positive systems of N2 , the first negative

system of X2 , and the beta and gamma systems of NO (mtric oxide). Future calcu-

lations will probably include any continuum as well as 0 photo-detachment. Other
effects may be considered as the temperature-density region is extended toward that

of atomic phenomena.

After necessary preliminaries are developed in Section 2, the spectral absorption

j coefficient is introduced in its general form (for molecular tkansitions) in Section 3.
Section 4, after a review of spectroscopic notation, specializes the expressions of

Section 3 to the six systems of interest here. Machine calculations and results are

then summarized in Section 5, in which a preliminary transport code is also discussed.

I
I
I 1-1
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Section 2

RADIATION TRANSPORT

I
2.1 THE EQUATION OF RADIATION TRANSFER

Each Vourume element in a mass of high temperature gas is simultaneously emitting

and absorbing radiation of all frequencies. it is the balance between these processes
which determines the local radiation flux within the gas as well as the flu which

escapes. Let the flux of radiation per unit frequency interval about o, per unit solida -4I angle in the direction ? and per unit area normal to the direction a, be den~oted by
IP (n) . Similarly, denote the energy radiated by a unit mass of gas per unit frequency

per unit solid angle by j (9); . the absorption coefficient of the gas for radiation of

frequency is K cm 2 gmn', the flow of radiation through the gas is governed by the

equation of radiation transfer

I p d(n - PI i() (2.1)

P -as

where s denotes length measured in the direction sQ

SIf the gas is in local thermodynamic equilibrium, i. e., if at each point in the gas a
temperature T can be defined such that the characteristics of the gas in the neighbor-

'hood of the point are those of a gas in equilibrium at that temperature, the emission

coefficient J is the sum of a spontaneous and induced emission term:

I hp
Jv =K Bp(T)+ e I (.):-

(T P- (2.2)

where hp\
I p K P K r RT (2.3)

SLOCKHEED MISSILES & SPACE COMPANY
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and B is the Planck distribution function, which is the value I would have within
an enclosure in thermodynamic equilibrium at temperature T. The following dis-

cussion is limited to gases in local thermodynamic equilibrium. 1
Substitution of Eq. (2. 2) into Eq. (2. 1) yields

p ds v\u"/ =

From this equation it is clear that one parameter characteristic of the gas suffices to

specify completely its radiative properties, namely

/AP= PK( 12.5) I
the absorption coefficient of the gas.

In many problems the spectral distribution of the radiation is not of primary concern.
For these cases an appropriately defined mean value of the absorption coefficient is
useful. The manner in which the mean value is calculated depends on the character-

istics of the problem under consideration. A limiting case of interest is that of an

optically thin sample of gas, i.e., a sample whose dimensions are small compared

with the mean free path of radiation in the gas. Consideration of this case leads to

the definition of the Planck mean absorption coefficient. At the opposite extreme is

the case of an optically thick gas sample, which is conveniently analyzed in terms of

the Rosseland mean. These two limiting cases are discussed below,and the respec-

tive mean absorption coefficients are derived.

2.2 THE PLANCK AND ROSSELAND MEAN ABSORPTION COEFFICIENTS

Consider the radiation from an isolated thin slab of gas. The total monochromatic

radiation flux per unit area leaving one face of the slab is

Ft+- f It, cos e d-9 (2.6) 1I 2v
2-2 j
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Iwhere e is measured from the normal to the slab. Multiplying Eq. (2.4) on both

sides by dQ and integrating over the hemisphere of outward directions yields the

equation

dI/I J coeO 2r A B V -Vf Vd (9i 7)

i where x is distance normal to the slab face. From Eq. (2.6) and the definition of the

mean outward intensity (Ref. 4, Equation 3. 43)

I i v d

I 797

g Eq. (2. 7) may be rewritten

dF v+ 21r I' (By Iv) 
(2.8)

Our thin slab approximation now consists in neglecting I relative to B and takingdF . ...+ V

7dx as the ratio of finite increments of emitted flux 6F and slab thickness 6x.

3 With these approximations, we obtain from Eq. (2.8) for the integrated flux or total

radiant energy emitted

6 F- 27r 8xfM Bdv (2.9)

I The corresponding radiation emitted by a perfect radiator in equilibrium at tempera-

ture T is aT The emissivity of the gas is the ratio of Its total radiation to

that emitted by a black body at the same temperature; hence

f 26x7r 6xf, B di'

4 (2.10)T4

12-3
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The quantity ,the emissivity per unit length, is usually quoted. it can be writtenj

as

x 1 d ( )  = 2 je (T) 7'
6x aT v'

where

(T) dT) -T (2.12) 7
e(ft(T) v1aT

is the Planck mean absorption coefficient, sometimes referred to as the emission

mean absorption coefficient. 1
Now consider the case where the dimensions of the gas sample are large compared j
with the mean free path, so that radiation cannot move freely from one part of the gas

to another. To first approximation we take I
I .B (2.13)

Substituting for I, in the transport equation, in the derivative only, gives ]
0~ dB-

I - B - -, B (2.14) 
pp ds MLP ds

and re-substitution would produce higher order terms. Since B is isotropic, the i
expression for the x component of the flux reduces to:

vf [  ff 1 d B v dT  2i

Fx = Ipcos d dvuf dB. AT cos 2 0 sin0dOd0dv

4= 1 dTI ( dBV 4" 1 B (2.15) 1
="3 jiRd )d "3di-'T *d -

,2-4 J
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where 0 is measured from the x axis, B (T) is the integrated Planck Intensity,

and

1f~~ dB-3 t,

f d-,, d16

defines An the Rosseland mean absorption coefficient. Related quantities are the

Rosseland mean opacity, defined as IR " ,and the Rosseland mean free pathAI AR .
I

Equation (2. 15) may then be written in the form

F ! -t V-(T) (2.11)

I The condition for validity of Eq. (2. 15) and (2. 17) is that the fractional variation in

temperature be small In a distance of one mean free path for all frequencies of

3 Interest; hence

T < 1 (2. 18)
IT

2.3 IMPORTANCE OF LINE WIDTHS IN RADIATION TRANSPORT

3 The imortance of line effects in radiation transport can be illustrated most easily in

the two opposite limits of the optical depth for which simple solutions to the transport

equation exist, namely, in the limit of an opticaly thin sample and in the limit of an

optically thick sample. These two cases were discussed in Section 2. 2. Consider

first the optically dense case where the Rosseland mean absorption coefficient [Eq.

(2.16)) becomes a useful parameter. The Rosseland mean is an inverse mean and

thus depends critically on the minimum values of A' ( v), the so-called "windows."

Conversely, it is relatively insensitive to the intensities at the peaks of the lines,

S2-5
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especially for strong lines. The most important characteristic of the strong lie is,

in the optically thick case, the width over which it effectively blacks out the spectrum.

in the case of an optically thin sample the useful parameter is the Planck mean absorp-

tion coefficient [Eq. (2. 12)], Assuming the lines to be sufficiently narrow so that

the factor h1

does not change appreciably across the width of a line, we see that the line shape is

clearly unimportant. Each line can be considered a delta function and the frequency

integration performed immediately. It follows that the Planck mean is an additive
mean and, as such, can be used to estimate the gross, overall contribution of the lines

to the total absorption coefficient.

The evaluation for the intermediate case cannot be simply determined, but one must

resort to a detailed transport calcutlation to determine the sensitivity to the widths and

shapes of the lines. A calculation has been carried out to estimate the effect of line

widths on a transport problem. This calculation will be described in Section 5.

I

2-6 
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Section 3

THE LINE ABSORPTION COEFFICIENT OF AIR

S 3. 1 EXPRESSION FOR THE ABSORPTION COEFFICIENT OF A SINGLE LINE

We first derive an expression for the absorption coefficient for a single "'pure" line,

that is, a line arising from a transition between non-degenerate electronic levels or

sub4evels. * In the following it will be assumed that the reader has a reasonable

familiarity with conventional spectroscopic notation and with the theory of the spectra3 of diatomic molecuiles on a level, say, with that in Herzberg's text, Spectra of Diatomic

Molecules (Ref. 5). For the reader's convenience, however, we have included some

3 background material in Section 4.

The line absorption coefficient As (v) for a transition from a lower state (n", v", J")

3 to an upper state (n', v', J') is given by**

A(P) = Nn,,vj,, Bn,,n,,vIvJ,,j , hPntn,,v ,, , F(i) (3.1)

where
Bohr frequency (measured in cm 1 ) of the line

Nnv,, = particle density in the lower state (n ", v", J")

Bnv , - Eistein coefficient for induced absorption

SF (v) a line shape factor such that f F (v)dv - I
*By sub-level we simply mean one of the components of a degenerate electronic state,

for example, one of the 2S + 1 components of a Z state with spin S or one of the
comonents of a A-type doublet. By electronic degeneracy we mean the spin and
orbital degeneracy that would exist in the absence of nuclear motion (rotation and
vibration), spin-orbit interactions, and electron spin interactions (We ignore con
pletely any interaction of the nuclear spins with the rest of the molecule.) The 2J + 1
spatial degeneracy associated with molecular rotation, which rigorously exists in an

3 isotropic environment, is never counted in figuring electronic degeneracy.
**Double and single primes will be used to denote lower and upper states, respectively.

3-1
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I
Here n is used to denote a non-degenerate electronic level or sub-level, while v

and J denote vibrational and rotational levels, respectively.I

The Einstein coefficient Bnnv"v'J"J' is given by i
nin VI l2

B - (3, 2)
B 3h2 c 2J"+ i

where

fM"M' =,nV ,'1nivIJ MI dr (3.3) j

is the m atrix element of the electric moment operator Ai + Re nt of the elections

and nuclei. M'" and M' are azimuthal quantum numbers numbering the (spatially)

degenerate rotational levels of the lower and upper states, respectively. The summa- A 4

tion in Eq. (3. 2) is over all possible combinations of the rotational sub-4evels of the

lower With those of the upper state. If we assume the Born-Oppenheimer approximation

to be valid, the molecular wave function may be separated into electronic, vibrational,

and rotational parts ]

e v r

The vibrational eigenftnction 'v depends on the internuclear distance only. The
-v

electronic eigenfunction depends on the electron coordinate and slightly on the
internuclear distance as a parameter. The rotational elgenfunction ' depends

nates, inasmuch as the quantum number J here refers to the total angular momentum

resulting from nuclear rotation and, if present, electron spin and orbital angular

momentum.I

3-2 1
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By substituting Eq. (3. 4) into Eq. (3. 3), it is readily shown that

I~~~ ~ IR 2 IRj2q(vt vi) s.

where

it 2I~~ q(vt vi) = f~~ltdtl (3.7)

IHere, is a Ine strength factor and is t hat part of Z R M 2 that depends on

x" (and al so ont A , the component of the electronic orbital aL ngular momentumn alontg

the internuclear axis, wh ,never A t 0). 8 J is usually called the ~lLno

intensity factor. H8n.!-Lonidon factors for all the importan~t types of electronic transi-

tions are available in the literature. Ae is the electronic transition moment whichiln

general,depends on the internuclear separation. q (v1 v"l) is the so-called Franck-

I Condon factor for the (v1, v"l) band.

Equation (3.2) then becomes

I n'ynvyyvtJylj1 It ...QL... 12e q (v1 v) S4"1 (3.8)

The particle density Nn1 vjjl In a level (n", v"l, J"l) is given by

Pil" + 1) W1 exp (/kr,,,C )
%? =lJNt- tn v (3.9)

fl"V"J" tota

where Ntota is the total particle density for all levels, E nitv"J"f is the energy of the

Ilevel, w~ is- the nuclear spin statistical weight for this lev ,el, and Qttis the total
partition function for the system.

3-3
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I

The total partition function may be written as a sum of contributions from each

electronic state:

Qtotai Q n (.0

where n denotes the electronic state. Taking into account electronic (orbital + spin),

vibrational, rotational, and nuclear (spin only) degrees of freedom, we may writ e
in the form

' Qn- ~Qelectronic 'Qvibrot, Qnuolear(.1) -

where )i
/Vo he

electronic = °wA( 2 S + 1) ep (3.12)
O2 if A o0

Qvib-rot. = exp L (kT3.13) H

Q(v) = (2J+ 1) exp W J kT (3.14)

(21a+ 1l)(21b + 1) (.5Qnucle -a

in these formulas, voo is the energy of the lowest vibrational level of electronic state il1
n above that of the ground state, Go(v) is the vibrational term referred to the lowest

vibrational level as zero, F (J) is the rotational term for the vth vibrational level3

and Bv is the corresponding rotational constant, WA is the statistical weight for

orbital angular momentum (A) about the internuclear axis, S is the total spin of

34I
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the electrons, I and I b are the nuclear spins of the two nuclei a and b, respec-
tively, and a is a symmetry number having the value 2 for homonuclear molecules

and 1 for heteronuclear systems.

An approximate formula for Qb that is somewhat easier to use ihan Eqs. (3.13)

vib -rot.thtisoehtesetou (13
I and (3. 14) and yet entirely adequate for our purposes has been given by Bethe (Ref. 6)

and later corrected by Brinkerly (Ref._7):

iT
.... T ... (1 y T )(3 6

vib-rot. -1 - exp (- 1.4388 w- iT) 1.4388 B(

3 where y , Bethe's correction factor for anhartmoricity and non-rigidity, has the value

j~ 0 QO

Hr~and~oBa 0 J )

Here wo and B°0 are the vibrational and rotational constants of the v = o vibrational

level, w Xo is the first anharmonic. constant and oo is the interaction constant for

3 coupling between rotation and vibration (Ref. 5).

Returning now to Eq. (3.9) we multiply numerator and denominator by Qn as given
by Eqs. (3.11 - 3.15) and obtain after some manipulation

NIttj11 [tota l ] ( 1 (3.18)

(il + 1) exp[ - t G (v") + Fv 't(i?')$ hc/kT]

Qvlb-rot.

where use has been made of the relation

I EnvjI = [oo + Go (v?') + Fv(J)] he (3.19)

* 3-5
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substituting Eq. (3. 8) for Bn#nvtIt~ and Eq. (3. 18) for N nI~ v"J" into

Eq. (a. 1) we obtain the following rather complicatdepeso o h iea~rto

coefficient:

3A
JAQJ =[N0 ~ Pt~187r W -2

3hQnucle, a (2rl

~vib-rot.

where R- Qn"/ Ott is the fractional population of the n1jth electronic state.

By introduction of the notation

8!r L 2~l
Hfn,vltvJIIJI S hc wA (2S+l) Qnuclear n" n , V11V, Re q (virl) SP

(3.21)

EV,,Jt, =G 0 () + V,AJ hc/k (3.22)

where =o 2.6875 1019 particles/cm.3 is Loschmidt'sa Number, Eq. (3. 22) 1
becomes

~v [ total nl 1 H,, exp -ErFv (3.23)1

L Lo Q,~ ot J n"'vII ,J J vlEvy , ,/ T) v (v

Note that the quantities H and E are characteristic of the isolated molecule, that is,

do not depend on the te mperature and density. Note that the bracketed term in Eq.I
-2

(3. 23) is dimensionless and that H has the dimensions cm . Since theshp

factor F (v') has dimensions cm. (see below), pu (Y) has the dimension cm as i
required.

346
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3 Although Eq. (3. 23) remains valid for arbitrary form factor F(v), in all of our
work we have assumed a Lorentz line profile, viz.

F (v) --- 2  ."n =n',v ... J') (3.24)

where a is the line half-width at halfr-maximum.

3. 2 OVERLAPPING AND COMPOSITE LINES

The absorption coefficient p (v) at v due to several overlapping lines is, of course,3the sum of the separate line absorption coefficients

3 V(") " i V) (3.25)
i

3where i labels the lines and the sum runs over all the lines whose profiles overlap

significantly at v.I
Fine structure may frequently be ignored without compromising the accuracy of the

calculation. In these cases the intensity factor of the unresolved line may be obtained
by combining the intensity factors of the unresolved components. An example of the
construction of such an intensity factor will be included in Section 4. 5.

I

I 3 -

I
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Section 4

THE LINE FREQUENCIES AND LINE iNTENSITIES FOR AM

4. 1 SPECTROSCOPIC QUANTUM NUMBERS

In a diatomic molecule, the symmetry of the field in which the electrons move is axial

about the line connecting the two nuclei, with the component of the orbital ngtflar

mormentum of the electrons about the internuclear axis being a constan t of the motion,

The orbital anguiar momentum, L , precesses about this axis with constant compo-

nent ML11, where ML is restricted to the values ML - L, L-I, L-2, ,.L.

Since, in diatomic molecules, states differing only in the sLn of ML have the same

energy (are degenerate), it is appropriate to introduce the quantum number

A. IMLI ; -O,1, 2, ... -L.

If L precesses very rapidly, its meaning as angular momentum may be lost, but ML
I and A remain well defined.

When A= 0, 1, 2, 3, • , the corresponding molecular state is designated a

Z , I, A, , • " state, analogous to the mode of designation for atoms. By con-
vention, Greek letters refer to the components of electronic angula momenta, whle
the corresponding lower case letters used for atoms refer to the electronic angular momenta

3 themselves. M, A 'I' ... states are doubly degenerate since M can have theML

two values + A and -A . Z states are non degenerate.

I I Just as for atoms, the spins of the electrons form a resultant S , the correspondin~g
3 qa t m Sheingpint o f ter al as etne b hthe re t

quantum number S being integral or half integral as determined by whether the total

num ber of electrons in the molecule is even or odd. The component of S along the

axis of symmetry is designated E (analogous to atoms), and this must not be confused

with the Z which means A 0. The values allowed E are S, S-1, S-2, •. -S,

4-1
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ii e,, 2S+ 1 different values are possible. The quantum number E can be either

positive or negative, except it is not defined when A = 0 (for E states).

The total electronic angular momentum about the internuclear axis is obtained by an

algebraic addition of A and E. The resultant quantum number is given by 9 =1 A + E.

if A 0, there are 2S+ 1 valuesof A+Z for a given value of A. The inter

action of S with the magnetic field produced by A gives rise to a muitiplet structure.

-M e t erm -symbol- carries 2S-+- Y-as -a tef t- superstrfpt-ircVA + T as a fight-su~bscript Z

for example the triplet 3A would have components 3 a 2 and 3A Even for

1 states (there is no magnetic field in the direction of the internuclear axis) the multi-

plicity is said to be 2S + 1 even though no actual splitting may occur for non-rotating
molecules.

4.2 SYMMETRY PROPERTIES OF THE EIGENFUNCTIONS

Under the coordinate transformation xk-xk, Yk Yk' k Zk the wave

function for any atomic system either changes sign or remains unchanged in sign.

For a rigid rotator, a reflection at the origin is accomplished by the transformation

e - - -- i + '. It turns out that the rotator wave function remains Unchanged

for even J and changes sign for odd J . In the case of the symmetric top (A ; 0),

each rotational level is doubly degenerate. Linear combinations that change sign or

remain unchanged under reflection can always be chosen, however.

The rotational levels of a diatomic molecule are classified according to their behavior ]

under reflection of the total wave function (not just the rotational wave function alone).

A rotational level is called positive or negative depending on whether the total wave

fution remains unchanged or changes sign for reflection at the origin. To a first

appr oimation, the total wave function for a diatomic molecule can be written

e v r
I

Since it depends only on the magnitude of the internuclear distance, v remains

unchanged under reflection. Consider now two cases, A = 0 and A 0 0.

4-2 1
LMS C
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I4.2i,1 Case: A- 0

4 .e rem ains unch unged under reflection, the parity depends only on V-r and the

Sis even or odd.,Seblw)rotational levels are + or- depen~ding on whether J i.....r dd (see below.),

if + changes sign under reflection, however, the total wave function remains

unchanged for odd J and changes sign for even j. In this case odd J levels are

positive anid eviau .T1pyd eas r negathie

4 + 4 -- ~ 4- -

3 - . 3 - 3-. ....- -

I2

0 - + 0 - (0)---------

I Case: A = 0 Case: A = 0 Case:A 1

4,e te e e *e :L*e

Energy Level Diagram3 (I is the operator which replaces r by -r)

4.2.2 Case" Ad0

In this case for each value of J there are positive and negative rotational levels of

equal energy. (See above.) The levels are drawn as if they were degenerate. Actually.

when account is taken of the interaction between electronic motion and rotation, there
* is a slight splitig of the degeneracy. Note that the J = 0 level cannot occur for

A = 1, since J here is the total (rotational plus orbital) an-gular momentum.

It must be emphasized that the positive or negative character of the rotational levels

depends only on the rotational symmetry of the system, 1. e., equivalence of right and

I1 4-3
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left-handed coordinate systems, and has nothing to do with the approxim,tte represen-

tation of the total wave function given by Eq. (4. 1). This approximation was introduced

only for the purpose of determining which levels are positive and which are negative.

it will be shown below that positive levels combine only with negative levels under 2

dipole radiation and vice versa. Symbolically

Clearly, this is compatible with the selection rule A i - • 1 for the simple rotator or

A J 0, E 1 for the symmetric top rotator with A o 0.

The opposite selection rule holds for the Raman effect: + terms combine only with +

and - only with -, or sy olically

-+

which is consistent with the selection rule A J 0, k2 for the simple rotator or

AJ-0, * 1, 12 for a symmetric top with A 0.

Selection rules for dipole radiation depend on integrals of the form

fm dr

Now I - I. f both if and 'Im are positive or both negative under reflection,n -the integral will change sign., This is only possible if the integral is identically zero,

i.e., suchtransitionsareforbidden. On the other hand, t asitions between positive

and negative levels are allowed since the sign of the integral does not change under

reflection.

The Raman rule follows in the same way by noting that the polarizability is unchanged 1
under reflection.

4-4
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For homonuclear molecules rotational levels may be further classified according to

their behavior under interchange of the two identical nuclei. In the same way as one

shows that for the exchange of two electrons, the total wave function must either

change sign or remain mnchanged in sign, we can show that for an exchange of nuclei

the total wave function either remains unchanged in sign or changes only its sign, in3 which case the state under consideration is said to be symmetric or antisymmetric in

the nuclei, respectively, We can also show that in a given electronic state either

3 the positive rotational levels are symmetric and the negative are antisymmetrie

throughout, or the positive rotational levels are antisymmetrie and the negative are

I symmetric throughou-t. As an example consider the case A 0 0. Clearly

there are four cases.

I J J J J

4 - - s 4 - - +a 4 . -- -- s 4 -a

I -+gu u g9

33- -a 3 -s3 +a 3

2 +s 2 ~ +a 2 9 -a

1 -- a 1 -s 1 +a 1 - +

30 - + 0- +a 0-- 0 -

e f 'e *e ~'e

3 A =04

3 If the nuclei have zero nuclear spin (rf the interaction between nuclear spin with the

rest of the molecule is neglected), there is a rigorous prohibition of intercombination3 between symmetric and antisymmetric states:

4-5
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This holds for transitions brought about in any way, e. g., collisions, Raman effect,

dipole radiation, etc. The proof of this follows trivially from the form of the operator

for the type of transition involved. Physically, operators for dipole radiation, colli-

sions, Ramran effect, etc., must be symmetric in the two nuclei. Since transition I
probabilities are governed by integrals of the form

it follows the n and 'm must transform in the same way for interchange of the

nuclei. I

An immediate consequence of the non-intercombination rule is that there are no I
vibration-rotation or rotational spectra for homonuclear diatomic molecules since two

rotational levels for which the selection rule AJ = 1 is fulfilled have opposite

symmetry in the nuclei. Raman effect transitions can occur, however, with AJ 0,

For quadrupole radiation, AJ 0, 1, -2. It is seen that AJ =0, k2 is compat-

ible with a---s and therefore this type of radiation can occur in homonuclear

molecules.

4.3 COUPLING OF THE ANGULAR MOMENTA

There are mutual interactions between the electronic, vibrational, and rotational

motions of a diatomic molecule. The electronic-vibrational interaction is taken into

account by choosing the vibrational levels to fit the electronic potential curve; the

vibrational-rotational interaction is accounted for by considering the molecule to be a

vibrating rotator. Mutual interaction of the electronic and rotational motions must be

considered also- this interaction depends on which quantum numbers distinguish the

rotational levels in different types of electronic states, and on the energy dependence I
on the quantum numbers.

4-6
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I
Angular momenta in the molecule combine to form a resultant designated J. The

spin S, nuclear rotation N, and orbital angular mementum A are coupled in
different ways to form, J . The modes of coupling were classiied by iund and are

called Hund's case "a," "b," "c," -- etc. Of these we need discuss only two,

eases "a" and "b."!
4.3.1 Hund's Case "a"

In Hlund's case "a" it is assumed that the interaction of the nuclear rotation with the

electronic motion (orbital + spin) is very weak, whereas the electronic motion Is
strongly coupled to the internuclear axis (see Fig. 4-1).

P11 4-1 Pig. 4-2

Hund's Case "all Hund's Case IV'

I.

i The total electronic angular momentum S1 is then well defined. 9 no N co mbine

to form J . The precessio of L and S about the internuclear axis is assume d to
I be very much faster than the nutation of the figue axis. 0 is integral or half--itegral,

dependin on whether the number of electrons is even or odd. Since J cannot be
i smaller than its component S!,

J =11, Q 1, nl+ 2,"'

I Levels with J < 0 do not occur.

I44
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4. 3. 2 Hund's Case "b" f
When the spin is not coupled to the internuclear axis at all, 0 is not defined and
Hund's case "a" cannot apply. This is true where A = 0 and S t 0 and may be

nearly true in other instances. In Hund's case "b," therefore, the spin is decoupled

froa the interinuclear axis or is very weakly coupled to it. A and N form a resultant

K, which then combines with S to form a resultant J (Fig. 42.=-If 0, K ii-

identical with N and is therefore perpendicular to the internuclear axis. In general

K may have the integral values K A, A + 1, A + 2 ,. .... . The possible

vauesof J are (K+S) , (K -S-1), (K-S-2), .. , JK Sj ;for agiven K. Except

when K < S, then, each level of a given K consists of 2S+ 1 components. Again

J is half-integral or integral according to whether the number of electrons is odd or

even, respectively.

A Type Doubling I
In Hund's cases "a" and "b," the interaction between N and L has been neglected.

For larger speeds of rotation this interaction must be taken into account and is found
to produce a splitting into two components for each J value in states with A 4 0

which are doubly degenerate when there is no rotation. This splitting, which is pre-

sent in all states where A # 0 and increases with increasing rotation (J) , is called 1
A-type doubling.

Spin Uncoupling

It may occur (and frequently does) that a molecule coupled according to Hund's case 14
"a" for small J may, with increasing rotation, go over to case "b." This hppens

when the rotational velocity of the molecule becomes large compared with the pre-

cessional velocity of s about A S then is essentially decoupled so tat nl is not

defined but K is. This process is called spin uncoupling. It is oftn convenient t

formally extend the quantum number K back to small rotation values even though it

is not, strictly speaking, defined.

4-8 1
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4.4 SELECTION RULES AND BRANCHES

J, the quantum number of the total angular momentum, obeys the selection rule

AJ 0 , + 1 1 with the restriction that AJ J 0 is forbidden when A 0 in both

the upper and the lower electronic states. This selection rule forms a basis for cias-

sifying the spectral lines into distinct series called branches, J' J" + 1 corres-

ponding to the R-braiich, J' ± J" -1 to the baneh, and J' = J" to the Q-branch.

Thus the rotational contribution to the frequency of a transition by the branches can

be e)pressed as

IP'(J) =F'(J -1) l)

Q(J) = FI(J) - F"(J)

R(J) = F'(J + 1) - F"(J)

The above are called man b ranches to distinguish then fro m satellite branches. For

illustration, assume that both the upper and the lower state take case "b" coupling.

Then the relevant quantum numbers are K, S , and j. The transitions with

Aj AK are the main branches, and those with AJ AK are the satellite branches.

SThe satellite branches always lie close to the main branches and are usually much2 2+

weaker. If, for example, the transition takes place between a 211(b) and a 2 state,

with J' J" and K' = K" + 1 , then this transition is called an H-form Q satellite

branch and is abbreviated RQ. It is a Q branch because J' = J" and r-form

3 because K' - K"+ 1.

Various other selection rules arise from the symmetries in a dynamical system. For

exam ple, the requirement that the total wave function for a molecule can,at most,change

sign for an inversion of the coordinates of all the particles leads to the rule that in the
I dipole approximation transitions can take place only between rotational levels of

opposite sign. I the nuei of a diatomic molecule are identical, an exchange of the

3 nuclei should either leave the total wave function unchanged or change its sign for

symmetric or antisymmetric states. The corresponding general selection rule pro-

I hibits transitions between symmetric and antisymmetric states. When the two nuclei

1 4-9
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are not identical but do have the same charge, the electronic wave function should

suffer at most a change of sign when the coordinates of the electrons are changed in

sign. if the electronic wave function does not change sign, the total molecular wave

function is "even" or "gerade." Otherwise it is "odd" or "ungerade." Even states do I]
not combine with even states, nor odd with odd.

There are other selection rules which are not valid in general, but which hold to the

extent that the intra moiectular interactions can be represented by one of Huhd's ideal

coupling cases. When each state participating in a transition belongs either to case "a"l

or to case "b," then A , the projected electronic orbital angular momentum, obeys the 7

selection rule AA - 0, +1 , -1 as long as the spin-orbit and rotation electroaic

motion interactions are small. When A 0 for both states, there is the further title

that the sign of the state cannot change:

E + -. , bttnot +- -

Violations of the above rule occur when the rotation-electronic motion interaction

cannot be regarded as small. if the'spin-orbit interaction is small, there is also a

selection rule for S, namely that AS = 0.

In the special circumstance that both the upper and the lower state belong to case "a,"

the following two selection rules hold:

A 0

:1 0 + 1 (butnot Q 01 R = 0)

The first of these rules holds only for small spi orbit interaction, but the second is

not so restricted. f

410
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UIf both the upper and the lower states berlong to case "b,"I then K , the quantu m number
for the total angular momentum apart from the spin, obeys the following rul e

1+A 1, + 1 (but not K = - 0 forZ Z

4. 5 INTENSITY FACTORS

I Tables of intensity factors (the so- called, HMa- Londoni factors, S) are given by

Jevons (Re. 8, pp. 133- 139) for Hund's coupling cases "a"' and "lb" and fr various type

I Iof transitions i For intensity factors arising fro m other coupling conditions, refer to the
-discussions of the individual mt-olecoular systems. Table A-2 lists intensity factors for

I various transitions which are considered in the calculation.

I According to the rotational sum rule, the sum s of the line strengths of all the trans-

itions from or to a given r otational level are proportional to the statistical weight of

that level. This rule affords a valuable check when fine structure is to be ignored. As

an example, consider a 2 -1 I transitions where the molecule is coupled according
to Hund's case "lb." Using the intensityfcosrm Table 101(i) in Jevons (Ref. 8),

We combine the factors for the lines arising from level J"L ]K'

R2 (K K"I+ 1) +R 1 2 (K K) +Q 2 (K K) + Q1 2 (K K" + P2 (K =1")

MII 1+ 2K + 2K"+1 +_ I1(+-+ =2K"

which is equal to the degeoneracyo hslvl .e,2J + 1 =2(K '1 + 1 =K

For the ill = K" + level we obtain:
- 2I' + B I) K V

3(K"I+ 2)2 -K"++ + K"t(2K"+ 3) 4  1 +____

3 2K"_+ 3 ~~+ 1) (2V +3) 2K + 1 2K"I+ I+1I4

-2(K" + 1)

.1 4-11
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which if; equal to the degeneracy of the level, viz. , 2J11 + 1 2~K + 1 = 2(K"1 + 1) *7

Table 10(ii) in Jevons therefore satisfies the sum rule and is presumably correct

Other results may be checked in the same fashion.

4. 6 THE B3 "E X Z(SCHUMANN-RUNGE) SYSTEM OF 02

4.6.1 Generaf

3 3
With small dispersion, E- L bands consist of a single R and a single P branch.

Larger dispersion shows each line to be resolved into three components of about the

same intensity. There are, thus, six main branches. Six very weak satelifte branches

for which AJ # AX are also present. Alternate triplets i n the P and R branches I
are missing, since the nuclear spinr of the oxygen atom is zero. Even K rotation

levels are missing in the X state, and odd K levels are missing in the B state, in

our calculation, lines will be treated as unresolved. Figure 4-3 shows two grOups of
R1 R P_ Plines: (R i , R2 , R3 , R21, Q3 2 )'and( Pi' P 2' P3 , Q2 3 , Q1 2 ) . These are con-

sidered to be composite lines whose Hinl-London factors are obtained by simply adding

up the Sj18 for the individual components (Ref. 8, pp. 180-181). These factors turn

out to be 3K11 for the P branch lines and 3(K" + 1) for the R branch lines.

4.6.2 Line Frequencies I

Rotational terms of both 3 states are given by

F(K =B vK(K +1) D vK2 (K + 1)2 I

Table A-9 lists Bv Dv as well as Go(v) used in the calculation. The included

bands and their corresponding Franck-Condon factors are given in Table A-10.

4-12 I
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-s FS(3)

2 -S 8 -- _ _ _ _ _ _ _ _ _ _1

K*

P2 3

I R2
R32

tS

Ii + F- "()

I K1

UFig. 4-3 B X -x Band of 0 huawn-Run SysteM)
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4.6. 3 Line Intensities

For the 02 Schumann-Runge system, then, the Hj1 , j,'s are given by

8i 2 LO vK, K' ]Re' 2(v',v") ii]
h1861 R I 2 SK

hc VK,K IRe 2 q(v',v") . 1 iK +

ltrL 0 2IKII if K'-K" 1 LI

where 1" ,3, 5,...

and S 3S

4.7 THE ihg- Ah+ (FIST POSITIVE) SYSTEM OF N2

The structure of 311-3Z bands is very complicated, particularly if, as is the case here,

the coupling in the it state is near Hnd's case "a." Since there are three sub-bands,

°  3z 32 3Z 2 + , and each sub-band has nine branches (three for

each triplet component of the lower state), there are, in all, 27 branches. Of these

we expect 9 branches to be relatively strong (RP' QI' R!' P2 ' Q2, 1 2 ' P3 ' QY R3 )

ten satellite branches to be somewhat weaker, and eight to be wea branches

S 0 Q 2 R21' - 3 ' TR3! ) " We will omit the latter eightP!2 ' °Q_1- 0 2 1' s F32' s~ . ......1

branches entirely. The 19 remaining branches, along with their corresponding

intensity factors, are listed in Table A4. (See also Fig. 4-4.) 4

Formulas for the rotational levels of a 3 state have been derived by Schlapp (Ref. 9): jj
(K) B K(K + 1)+ (2K + 3B B-2 + A2 2A BV+7(K+ 1)

rv1i v 
I

=2 BvK (K + 1)Fv2 (K) B B K (K + 1) 1 + 2!$VIy

K - K+1 - (2K 1) Bv - A + -'-1}2 A2 -2AB -- k

4-14 
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where F- 1 , Fv2 , and FV3 refer to the levels with J K + 1, K, and K 1 

respectively, and where x and -y are (small) constants. From the above formulas

must be Subtracted the usual ter m D (K + 1)2 to allow for centrifugal distortion.
v

Now in the case of A State of N2 ' both splitting constants are very small and,
furthermore, are known only very approximately for most of the vibrational levels.

Therefore, we are jstilfled In ignoring the spin sp ituig and using, instead, the term

formula for Z states.:

SF(K )  B K(K + 1)- Dv K2 (K + 1)2
. .. . V

The values of Bv and Dv for each of the vibrational levels considered are given in
Table A-3.

Rotational term formulas for the 3 11g state are from Budo (Refs. 10, 11) and are for

an degree of uncoupling.

F 1 (j) Byli + 1) -/if Z/3Zi D DJ -44I

z. v v1- 2 V_ -
TI

F 2 (J) - B [J( + 1) + 4Z /3Z] a ( +4) I

whr F(J) By [j(J + 1) + -2Z /3Z] - V~ + 3/2)~

z1  Y'~ -Y4) +3/4+ 4J(J + I)

- Y Y- 1) -4/9 -2J~J + 1)

and Y A'Bv is a measure of the degree of couplng of the spin to the internuclear

axi. For large rotation Fvj, FV2 , and Fv3 go over into a case "b" term series

4-16 1
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I

I with J X + 1, K, and K- I respectively. Note that levels P (o), Fv3 (o)
and Fv3(1) do not exist because of the requirement that J r 2 I A Z Z I for Hund's

case "a."! The Bv j Dv and Y values for each vibrational level are given in
Table A-3. Since A type doubling is small except for very large K, it has been

neglected in the above formulas.

The vihratioi| te m! f (vfo r Wit tid in Tnhile A-2- 181.. fav the fl-t mltive

system is given by

L 2/3 if K" even--jLO I:Ret q(.v', v") x XSK

H 8 e 14/3 if K" odd V

I 3SI# l = ,

4.8 THE N, C 31u - B ig (SECOND POSITIVE) SYSTEM

4.8. 1 General

The structure of 3 U 3H bands is sim ple f both states belong either to Hund's case "a"
or to _yfnd's case "b." I both -1 states belong to case "a," the selection rule A Z 0

allows division into three sub-bands: 3o ,, i-1 , and 3 i Should A type
00 1' 2 2* d tp

doubling be disregarded, each sub-band has a strong R, a strong P, and (except for

- a weak Q branch. If both ' states belong to case "b" or if both go over

from case "a" to case "b" with increasing rotation, the same six strong bands occur.

For all values of K in case "a," and for large values of K in case 11b," the three P

branches are close together and the three R branches are close together, giving rise

to a characteristic triplet structure.

4.8.2 Line Frequencies

In the N2 second positive system, both 311 states belong to case "a" for small K
values. Both go over to case "b" for large values of K. Figure 4-5 shows the six

1 4-17
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F1 __2 6;- S- - 4S

-~ 3g T3h7i Ii +
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6- - -I
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Fig. 4-5 C %f- B 9f Band of N2 (2nd Positive System)
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main branches of the C 3 nu -Bn system and the corresponding energy level diagr am.

IA rapid transition from case l"a" to case "b" has been assum ed. Note that both states
are "lregular,"l i, e. , 3 H < 1n1 < an2 The A -type doubling shown in. the figure is

greatly exaggerated. ( A .type doubling will be nieglected in this study;, the formnulas

for the rotational! terms F1  F2 I and F3should not be affected other than

trivially.) A few of the levels are labeled with the associated, nuclear spin statistical

weight, which Is written to the right of the level. Since nitrogen nuclei follow Bose
- 1 ---~tat~t - (I = I) , the synnmetrroal-tevWs ----~ hv~h wi~hi -ttsia eight

+ 1i),(I + 1) , an d the antisymmetrical levels (a) will have the lower sati-
tical weight w (a) =(21 + 1) 1 1i. e., w(,) 6-ndw(a) -3 . The refore the total

weight for the A dou biet is w 9 , 9which is just of the "mlraximum"l weight
W d'2 + 1)2 18 that one would expect for a heteronuclear system of the same type

and for which both nuclei have 1 b=1

The lines indicated in the figure are in agreement with the selection rules +--

a a - a, ,and J O, ~1 except that AJ 0 is forbidden for a 0O- 0 .

(There can beno Q branch for 31l- C .H The Q2and Q3branches -have lineIintensities that fall off as V/iJl , and hence the total intensity residing in these

branches is small1. Therefore, these branches will be omitted in the present study.

Finally, we note that the line Pl(o) is mnissing in 1ioil 0 , the lines P 2 (o)

P 2(1 ,an A2 (o in 311 -3I 111and the lines P3 (o) ,Pa(l) , P3(2) , R3(o) ,and

R (1) in 3j n- 311l inconformity with the rule that J RZ

IFormulas for the rotational terms F 1 , F2 ,' and F 3 have been given by Budc'

(Rtef. 10):

I F3(J)= BVJJJ + 1) +,- -~ ( + 1/)~ (J 2- )

1. 4-1
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whereZ 1  A2  -4)

A Yv(Y v ) + 4j(J + )

and Y = Av/Bv is a measure of the strength of coupling of the spin to the internuclear

IPvlv 00 + (v') G0(v" ) then the frequencies of the lines will be given by

R-
n + 1) = ,v + Fn1JP ) ) - -'

VIP _vlv Fin~

and

J,, '", v',w"(J" 1) n v",v'

for n = 1, 2,3. Again, A type doubling is neglected.

4.8.3 Line Intensities

The two lines arising from the components of a A type doublet overlap in frequency

and are identical except for the w , one having the value 6 (symmetric) and the other

3 (antisymmetric). This allows us to construct the H , H for
- , ,nl, v", v', X,,, Jor

the whole doublet by simply adding the H's for the individual components, viz:

8wj -h' 2  -' "v, L, I1e 12 qlvv")S91, +

3hc 2 Lo 3 Pe j e q(v',v" ) S, 6

2
r- L 0'ttj IR q(v',v') S,

where 9/2 is the value of Q nuclear.

4-20 1
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HInlL ojndon factors for 3 H3n systems under various coupling conditions have been

given by Budo'(Ref. 12). For this study it will be sufficiently accurate to use the

HMIti-London factors for a II type transition:

S~i 11: + 1
I ~Sjr,, ___ __ ___ __ ___ __

I The final formulas for Hn,,,n, v. vJ, lj then become

R- 8L 2 to n

Hn,, = n, iRI 2 q(v',v") [J" + ]J

and

H =- h Vj,, 2Re q(v',v") i"U
for n= 1,2,3. Finally,

E T [G (vI) + FA(J")j n f 1, 2, 3

4.8.4 Molecular Constants

The molecular constants for the C 11 and B II states of N which were used inu g-- - - - sttso N2
this study are given in Table A-3. The values of B , Dv , and Y are due to Bud6.Iv v
The vibrational terms Go(V) were taken from Coster, Brons, and Van der Ziel3 (Ref. 13).

rotational terms F (n - 1, 2, 3) may have. The rotational formulas are probably

not accurate beyond J - 50 or 60. The extent to which they fail is not known, but Ii
it is felt not to be great until about J f 80.

3 4-21
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Table A-4b shows the bands included in the present calculation along with the Franck-

Condon factors used. Note that the vibrational levels in the ipper state stop at

V= 4 . The potential curve does not break off at v" = 4 however, and although

transitions from v' > 4 have not been observed, one should in a local thermodynamic

equilibriam situation go to v' > 4 Franck-Condon factors and B' values are not

kmown for v' > 4 , but the B's could be obtained by extrapolation,

__........ . 2-+ 2-+ 2

4.9. 1 General

21
Since M states always belong strictly to Hund' s coupling case "b ," giving rise to the

selection rule AK - ±1 with AX 0 being forbidden, the structure of a 22_ z'

transition is simple. There are two principal branches, an R branch and a P branch,

each of which may be resolved into three components according to the rule

.J =0 1. For one of these (AJ i0) AJ AK

4.9.2 Line Frequencies

The energy level diagram and transitions which apply to first negative bonds are snown
2 + 2 +In Fig. 4-6. Rotation terms of lower E- and upper -Z states are both given by

g 11
Fv(K) v BK(K + 1) - Dv X (K + 1)2

where the spin splitting of each rotational level is ignored. Table A-5 lists the values

Of Bv , Dv , and Go(V) used in the calculation. The Included bands and corres-

ponding Franck-Condon factors are given In Table A-6. Bands with very small F-C

factors have been omitted. 

The lines and their corresponding HMnl-London factors are given in Table A-2.
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4.9.3 Line intensities I
Grouping together P1 , P2 , and PQ12 into a single line, the sum of the SI's is

2K, . For the group it, R , and RQ2 I the sum of the strength factors is

2(K" + 1) Ignoring the spin, the rotational levels can be labeled by K. The n
a are:

16ir L 0  ie 2H, ,T - V - ' q(v',V,)si, S f1/3 if K" odd

where-
SLk K!' + llifK XO K!' + 1

The factors to allow for K odd or even arise because of the effect of symmetry

properties on 2 transitions of homonuclear molecules. Even K" levels are

symmetric (w-(s) f 6), while odd K" levels are antisymmetric (wi(s) = 3).

4. 0 THE B 2H - X 21 (BETA) SYSTEM OF NO

4. 10. 1 General

The structure of a 2IT-2 11 system is simple if both states belong to Hund's coupling

case "" or both belong to case "b" or if, as in the present case, both states are

intermediate between cases "a" and "b" and go over together from case "a" to case "b"I

with increasing nuclear rotation. There are two sub-bands in the NO Beta system:
2 2 and ron R2 srn

21/2- /2 nd R 3/ 2 2-3/2 Each sub-band consists of a strong R, a strong
P, and weak Q branch.* Both the B and X states are regular, that is, 1<2U! 2H3 -1!:
2 <  2 Since the intensity of the Q branches falls off like J-1 ,we wll

neglect these branches entirely.

*See Fig. 4-7.

4-24 1
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4. 10.2 Line Frequencies

Both the B 2H and X 2H states of NO are fitirmediate between Hund's coupling

cases "a" and "b," with the X state being nearer case "a" (A 1 124. 2 cmo  ) than

the n state (for which A - 32 emC ). A general formula for the teri b values of &
211 state with couplin g interm ediate between cases "a"I and IV" has been derived by
Hill and Van Vleek (Ref. 14):

TnlVJ) =T e + GnlV) + B + I + 11)n 14J )  Dv r(j =1) 2)

where .-

14)~ (+. 2 Y+Yv ,4 arid v A/ 9v

2 2
Here the subscript n - 1 stands fora H1 and t = 2 stands for 2H3 A
subscript n h been affixed to the vibrational term G(v) , since the different sub-

states of the multiplet may have slightly different vibrational levels. Formulas for

the line frequencies of the two R and two P branches follow.

RI(J) + ( ) + F'.(J" + 1) - FI()

2(j e + (2) + F1 (J" -) -F'(J")

e~ v

P1(J)  V +e V(2) + F1.(J"_ -)-F ,P)  { !

where

e e e ,

n V=Iv, G'(v') - Gn(v") , n 1, 2

4-26
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and

I n(j) =Fn(v.j) BVI(+ )1 ei[j 2 v+ ~ 412

*4 2

WihBv Dv, G,(v) ,and G2(v) being given in Table A-4.

4.10.3 Line Intensities 7

I the2
As th states approach case 11b," the selection r ule AX 0 , 1 holds. Also

branches with AK * AJ are very weaki Disregarding A type doubling an d neglecting

the weak Q branches and satellite branches, the band structure is similar to that of
a ~-~ tanstio, i e. 4 trog branches. intensity factors for Case "a ad as

I "b" coupling are given in Table A-2. If the satellite lin es are considered as part of aL

composite lines, but Q branches are still ignored. the intensity factors m y be givenI with sufficient accuracy for our purpose by:

2 1

I~~ ~ ~~ RJ 1xhOR2 vJIJq(v, v")SI

The Franck-Condon factors q(v' ,v") are presented In Table A-8a.

1 4-27
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4.11 THE A I I; X 1 (GAMMA) SYSTEM OF NO

4. 11. 1 General

The X 2R state of NO belongs neither strictly to coupling case "ta," nor to case ",

but to a tran sition case which goes fromn case a"to case ,b,, with increasing rotation.

However, the A 2 state belongs strictly to case lb," and as, a result of this comn-
-bIiiatton the stfuct-r of the, NO gamma- bazds is qultc eamplie"~,. Th.d 2~ R heW

been discussed previously (see NO Beta system). Figure 4-8 shows levels and

transitions applicable to the No gamma system.

4. 11.29 Line Frequencies

The eneal trmformula is given in the preceding discussion of the NO Beta systemn.

B ,VV vs v ,and 0(V for th G() H state are presented in Table A47

as are B- , D-v, and 0 (v) for the A 2 2 state. The quantum number K has been T
formally e xtended to levels having small rotation in the case of the A X state (Re. 5).

Rotational terms for this state are given by:[I

= B K( * )-D K2 (K + 1)2 I

4nt11.it fatosfo h :telebranches are given (apart from an arbitrary constant)

by Earls (Ref. 15). These formulas were normalized to obey the sum rule. The

resulting expressions are gvnin Table A-2. After combining branches and [atllte
and omittg two weak transitions, 6 composite lines serve the needs of our calculation.

Intensity factors for these lines are also given in Table A-2. I
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The H?,j, it 's for the NO Gamma system are then*

21
2 LO Re 12 q(V',v") ,,

H J! "J 3hc o , ail.

where the S* I are the composite 1intensity factors described above. The Franck-

Condon factors q(v',v") for the transitions are listed in Table A-Sb.

fli

I4-3Z0 3
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Section 5

THE SACHA* CODES

5.1 MAGNETIC-TAPE LINE ATLASES

Digital computer codes (for the IBM 7090) have been constructed to write the
magnetic-tape line atlases for the six molecular systems to be included in the caicu-
lation. Por each system, the spectral lines and their "T" and, "E" functions [see
Eqs. (3.21) and (3. 22) and Subsections 4. 6 to 4. ! are generated according to vibra

tional and rotational quantum numbers and labeled by an identification vector. These

lines are then merged and sorted according to line frequency. For each spectral
line, there are three decimal numbers and one octal number (the identification vector)

on tape:

v a H E
a a

(frequency) (identification vector)

where a is formed of the upper and lower vibrational and rotational quantum num-
bers, the branch number, and an integer from 1 to 6 which specifies the molecular

system to which the line belongs.

The systems, their "key" integer 7, and the total number of lines stored on tape for

each system are: J

= 1 02 Schumann Runge 13,836

2 N2 First Positive 58,476

3 N Second Positive 16,750
2

4 N + First Negative 21,306
2 W

5 NO Beta 15,760

6 NO Gamma 25.400

Total Lines 151,528

*Spectral Absorption Coefficient of Heated Air.

5-1
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In addition to the individual system line atlases, a tape consisting of all the systems

merged according to frequency has been written. This merged tape containing all

151, 528 lines will serve as the spectral line atlas for air. By masking techniques, the

origin of each line may be found from its identification vector, i.e. , its species, lower

level, etc. To compute the absorption coefficient, the atlas tapes must be used in con-

junction with population n1umbers and partition functions corresponding to the desired

air temperature and density. Population factors may be obtained by interpolating in

the cables--0of0*r.4mfe, 16). The ibrntfon-rotatinn partitinni frnations are given.

with sufficient accuracy for our problem, in Table A-0.

All of the FranckCondon factors -used in the atlas construction are from R, W. I
Nicholls (Refs. 17- 19). The electronic f-values were taken from Treanor and Wurster

(Ref. 20-O SchumannRtunge), Bennett and Dalby (Ref. 21-N First Negative), and

Keck et al, (Ref. 21-remaining band systems).

5.2 AN, AVERAGE TRANSMISSION CALCULATION

As a first effort to assay the value of the method, a code was written to calculate the i
average transmission of optical radiation through an isothermal, homogeneous slab of

re molecular oxygen as a function of distance through the slab. Variable parameters

in the calculation are the slab temperature T, the line half-width a, basic fre-
quency intervals, and the number of frequency points on the line wings. The average

transmission at average frequency 7 is given by

~(V7,T, rN, x) Jexp NXK (p) dv (5.1)

where K (v) is the contribution per particle to the spectral absorption coefficient at f1:
frequency v due to spectral line a, N is the particle density of 02 molecules in the.

lower electronic state for the Schumann-Runge transistions, and x is the distance
through the slab. The units of K (v) are cm-, those of N are cm , and those
of x are cm. V is the center frequency of the interval 4v, where v has units

cm When pressed in these units, the quency is generally referred to as the

"wave number." The sum runs over all lines a which contribute appreciably at v.

5-2 3
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The calculation was carried out by computing the average transmi"ssion as the product

Nx was varied. By using this technique, the need to explicitly specify N was circum-

vented for these preliminary studies. The product Nx is referred to herein as the

"effective depth." Since these preliminary calculations were done for temperatures
at or below 5,000°K, emission was neglected.

Some representative results of the calculation are presented in figs. 5 1 through 5-5.

Figures 5 1 and 5-2 demonstrate the effect of variation of the line-width parameter

for fixed values of the other parameters as noted in the figures.

.. Average transmission is plotted versus frequency in figs. 5 3 through 5-5, for various

values of T, a, and Nx. Although smooth curves have been drawn, the calculation

was carried out only for isolated frequency intervals of 100 cmn1 width. These

intervals were centered at ten frequency points from 31,500 cm to 49,500 cm 1 , the

I difference between points being 2,000 cm 1*

3 When only one molecular species is involved, the relatiun between particle and linear

'3 absorption coefficients is

A = NK(v) (5.2)

where g(V) has the usual units cm-1

'3 5.3 COMPAR!SON OF RESULTS

An earlier calculation carried out at this laboratory by Meyerott, Sokoloff, and Nicholls

(Ref. 1) afords the only known results which are comparable with those of the present

3 work. Un the earlier calculation (hereafter referred to as the MSN paper), the average

discrete absorption coefficient was computed over a much wider frequency range, using
basic averaging intervals of 0.25 ev (roughly 2,000 .... Computation was carried

out by desk calculator and in cluded a large number of vibrational bands for each of the

'six molecular transitions needed for the air absorption calculation. Rotational

I structure was not Included, with the total band contribution taken at band head energy.

I 5-3
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Since this work was published previous to the availability of many of the| 02
ISchumann-Runge Franck-Condon factors, these had to be estimated.

Figure 5-6 was prepareu by calculating average transmissions, utilizing the 0
Schumann-Runge absorption coefficients listed in the MSN paper, after modification

3 of the electronic f-number and level population to agree with those assumed in the

present work.

The cause for the differences between the two calculations has not been extensively

investigated. Apart from the large difference between basic frequency intervals

employed in the averaging process, the major contribution to the discrepancy appears

to arise from the omission of several important band systems in the previous work.

inclusion of many more bands, consideration of rotational structure, and smaller

I frequency intervals for averaging are among the factors giving rise to the more
smoothly varying transmission obtained in the SACHA results. More Franck-

I Condon factors were available for the present study, and better values had replaced
some of those used in the earlier calculations.

5.4 A CALCULATION FOR HEATED AIR

I Another machine program in the SACHA series is nearing completion. Ths code

will compute the average transmission of optical radiation through a slab of heated

air. Mean absorption coefficients will also be obtained over the frequency range of
interest. The six molecular transitions discussed in this report will be included in

the calculation, wit the species concentration and fractional population for the lower
electronic state of the transition being obtained by interpolation in Gilmore's Tables.

At a later date provision may also be made to include the continuum contribution to

the absorption coefficient. Transmissions.and absorption coefficients will also be

obtained for the Individual constituents of air.

1 5-9
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Table A-i

MOLECULAR SYSTEMS CONSTANTS (GENERAL)

a I

Spectroscopic Quantities

Trnit(h-1 - 2A
System f

(Absorption) f Measurement

o S6h uxmRt'nge X ; _ z 29,300 0.048 3.293 x 10 3 6

N2 First Positive A 3 Z -B 3 il 12,500 0.e02 3.34 x 10

N Second Positive B H- C Hu 32,000 0.07 4.6 x 1036

+-2 + -2+
N FirstNegative X Z B z 25,500 0.0348 2.85 x

2g

NO Beta X HiB 2H 23,800 0.008 0. 7 x 1C
3 6

NO Gamma X 2 - A 2 E 38,500 0.0025 0.14 x 10

b[j
Statistical Quantities

Molecule and State Ia  a w s A

O x 3 z- 0 0 2 3 1
2 g

NA31+ 1 1 2 31
32

N 2 B 3Ig 1 1 2 3 2

+ 2+ 1 1 2 2 1

2 X g

NO X 1 0 1 2 2

A-2
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I C

I Partition Functions

Molecule and State Vibration-Rotation Partition Functions

IX3- 0.4834 T(1 + 0.000 149-T)
0 9X1 .QT 1 - exp (-2256/T) ___ ________

N A 3 + 0,48468 T(1 + 0.0000174Th T

2  u Q2 (1) "  
- exp (- 20181. 2/T)

N 42_6 70MT_]. + 0.0000144 T)

IN B 3 1 exp (- 2474/T)

N+ x 2+ 9 4T -031 x 1 5. wuT(1 +- 0. 0000102 T)
2 g (T)= 1 -exp (- 32.5/T)

NOX2 a 6() 0.409%8- T(1 0, Q000119 T)I NO X Qs(T) = --e-xp (= 2719/T)

I
I
I
I

I
A4

L A-C3
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Table A-2

INTENSITY FACTORS

Transition and Branob

2 -- 2

)- (J+ 1)u( - Y + 2J_2 ]

R p - 1)u+(Y2) 2J(J21)] i,

Q (J) 
-f I - 1 .

(R _- p -1)[+ 1)(Y 2) u
12 j C (J)]

PR1 (J-1) +(Jl) 1+ (J+ 2) (Y-2) +2 (J J 1 ) (1

pJip(2J ) c(J) -

R ( -- )8(2J+-1)[(J 2 .1_) Y 2 +u]-

PQ(J) J(J + 1) (2) -.

PQ 3(-1 M(+1) j2 +)[J 1)u(Y -2) -2(+

J(p+-1) c(j)

.R.(J1) (J-1)(J + 1)3J) I

J[, +C) -2 (J) .) s

HJ2 71J(Y -2) T21

Q(j1) 8(j1)(J +1)
8(2J+ 1)j 2 (j)2

(J~2J[) zj+ 1) Y -2 W + 3~
21i (+1) (2 + 3)C 2 (J)

A-4 3I

LOCKHEED MISSILES & SPACE COMPANY

.......



1 2-57-62-2

I Table A-2 (contd)

Transition-and-Branoh

23 J2 ) 2 J

I 2 (1l ( 2 1 ) (J)I2

V +2J )1)2 (J)

23+() J(+ 2) 2 Ju-(--2+-

3(1)p P 1u,+( 1)] J2 +2

J2 2 2 1) CjV

RQ(J) + 2)[(J +J(Y -2) 2J(J]

I31j+1 [ (J2 + - 1) 3 ( - + 3C J V ) (J )

Q3 2(+ )(j+) 1) 3( -

I 9 3 2 (j ) --J + -( -2 - ') 3,J
(+ -1) c (J)

I1 P.J 1J(+ 2)u - (Y 2) + 2 (J+)+ 2)

93j (J+ ) C (J)I3
I( ) ( ) u

I A-
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Table A-2 (oont'd)

Transition and Branch F
where [yy)4J1/

-11

C 2 ) Y(Y -4)+J+1 2]

2 2

-4) 1/ + 1)K+1

R13(j) K + )/2 4 2+12 -+14J (+ 1) (+2)

2+ 2--3

RQ(J 1/2) 2J1_ 2K1
4JJ1 (2K 1)(K3

2 +__ 111K -2
P(J +-1/2) J/ 2,1/4 + IKK )

RQ + /2)2i+ 1/ -2 2(K +1
Q2 JK12 (J+1) (2K+ 1K+3

pQ1(J K1/2) 2J1 2KK1

R (K+ 1/2)+( 1)K1/) Q 1 K/) 2KK)

R(K+i1/2) +RP(K-i1/2) +RQ(K -1/2) =2K1)j

A46
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3 Table A-2 (cont'd)

Transition and !Branch

3211 211, Case "'al Case "b Case "bit - Case "b"f

Rl()or RldJ) J(J + 2) 2K(K 25 + 1 (K + 1) (2K +3) -where KX 1/2

~(J)or R-(J) 1 _25(K + 1)(2K + 1)

Ql.C(J) or Qld~j (91 +1 2(2K-+ -3 wer K--1/IQ (JrQdI (+) (+ 1) (K + 1)whrKJ1/

Q~~K(2K 1)Q2dj where K= J + 1/2
ic _______ 2( + 1)

P(J)~ ~ ~ O+~-1)( 1) whereK J-1/
J K(2K +1)

pI P(J) orP20 2 d(J) 21(K +1 where K = + 1/2
K(2Kg - -1)

orR~j I~j~j ( where K=Ji +1/2

3 RQ(J RQ (j) 2 K(Ko +)

Qp210 (j) orQ~J

31 QP2(Jorl(j) K(41) (2K + 1) where K J+ 1/2

3 A4

I LOCKHEED MISSILES & SPACE COMPANY
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Table A-2 (cont'd)

Transition mn Branch

2Z -J 22
2 2J

(2J + 1) (2J +1) U(4J+Q I2Y~R 2 (J)
8(J + 1)211

R ( J)

(2J1 + 1)1(4J2 4+ Q 1) IU(8J3 + 12.12 - 2J1 + 1--- 2T)J
RQ(J 8J(J + 1) i

P (J) (J+1 (.2 41-8(14 )I

1

P 2 (J) (2j 1)_d(J + Q1U (- + J2Y 2J

Qv8.

p 12(j) (2J_+ _1)2 (2.1+ 1) u(W 2 + Q + 1- 2y)

P(J) 8.1

where U [y9 - 4Y + (2.1 + 1) 211/

Then i
AR(J) + RQ(j) =-8 2.4. 6J I -U (0. 2 +4+12

Q(J) + Qp2 1(J) =2J+ 1{6+ U(J 4+12)

P 211

2() Q12(.1) =8(j + 1) 61 -(J+41-12Y

A-B

LOCKHEED MISSILES & SPACE COMPANY
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.. Table A-3

N2 MOLECULAR CONSTANTS

State v B(cm ) Dv(" 6 cm) Y Fax Go(v) (cm-)

0 1.8154 6.0 21.5 16579 0.0

c 3nI 1 1.7932 6.0 21.5 14585 1994.2

2 1.7682 6.0 21.4 12645 3934.4

3 1.7407 7.5 '21.1 10771.5 5808.1

4 1.7012 11.0 '20.3 8989.8 7589.8

0 1. 6285 5.8 25.9 2 x 104 0.0

B 3fg 1 1.6108 6.0 26.2 2 x 10 1705.2

2 1. 5925 6.0 26.4 2 x 104 3381.4

3 1.5735 6.0 26.8 2 x 104 5028.0

4 1. 5554 6.0 27.0 2 x 104 6646. 6

5 1.5364 6.0 27.3 2 x 104  8236.0

4

I6 1.5172 6,0 27.6 2 x 104 9796.9

7 1.4954 6.0 27.95 2 x 10 11328.4

3 8 1.4765 6.0 28.25 2 x 0 12831.0 1

9 1.4576 6.0 28.5 2 x 104 14304.7

10 1.4387 6.0 28.8 2 x 10 15749.4

I A

I A-9
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Table A 3 II
(continued)

State v Bv(cm i ) Dv(10 6 cm-) G (v) (cm-l Jmax

0 1.433 5.5 0.0 100 1
A 3 u+ 1 1.421 5.5 1432.5 100

2 1.408 5. 5 2837. 0 100

3 1.395 '5 5 4213.3 100 1
4 1.382 5.5 5561.4 100

5 1.369 5.5 6880.9 100

6 1.356 5.5 8171.9 i00 1
7 1.343 5.5 9434.1 100,

8 1.330 5.5 10667.4 100 1
9 1.317 5.5 11871.7 100

10 1.304 5.5 13046.7 100

11 1.291 5.5 14192.4 100

A 10

A- C O I

LOCKHEED MISSILES & SPACE COMPANYI
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Table A-4a

FRANCK-CONDON FACTORS FOR THE AE -B n
(FIRST POSIVE) SYSTEM OF N2  u

vv' q VV" q 

0 0 .3382 4 1 1318

0 1 .3'248 4 2 .273:8

'0 2 .1899 4 4 1139

0 3 ,8857 4 5 .8823
1 0 .4064 4 8 .63611

1 1 2 .1032 4 9 .8349 " 1

1 3 .178,2 4 10 .7511 "1

1 4 .1450 4 11 .55101

5 8647- 1  5 2 .2106

2 0 .1975 5 3 .1808

2 1 .2120 5 6 .1057

2 2 .1132 6 2 .6148

2 4 .77241 6 3 ,2605

2 5 .1275 6 4 .8305

2 6 .1127 6 5 .1040

2 7 •7496 - 1 6 7 .8078- 1

3 0 .50141 6 8 .69671

3 1 .2987 7 3 .1065

1 3 3 .1623 7 4 .2706

3 6 .69101 7 6 .1290

3 7 .1009 7 9 .77331i

3 8 .90791 8 4 .1561

3 9 •64061 8 5 .2438
I .... .. .... .. 8 7 .1158

•Sperscripts Indicate the power of ten to which the fraction is to be raised, throughout

A-11
LOCKHEED -MISSILE$ & SPACE COMPANY
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Table A-4a (Cont'd) I

V,  _

CA 5 .2:029

9 6 .1918

9 8 .78621
9 9 .6773-1

10 5 r55691

10 6 .2402 4
10 7 .1300

10 8 .52191

10 10 .8370"1

11 6 .82651

11 7 , 630

8 C7061

11 9 •877903

11 11 .78,97 - 1

12 7 .1140

12 8 .2688

12 10 .1109

13 8 .1480

13 9 .2575

4A
i

A-12

LOCKHEED MISSILES & SPACE COMPANY I
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Table A-4b

FRANCK-CONDON FACTORS FOR C3 II - B 3IIg
i (SECOND POSITIVE) SYSTEM OF N2

V' V" q Vi v" q

0 0 .4493 2 7 .3 86071

0 1 .3218,7 3 0 .2363 1

1 0 2 .1469 3 1 .2515

g 0 3 .5226 -3 2 .1630

1 0 .3899 3 3 .1181

j1 1 .18,681 3 5 .8891 1

1 2 .2038 3 6 .1345

1 3 .2003 3 7 .1062

3 1 4 .1124 3 8 .61611

1 5 .4839 4 i .6957

2 0 .1349 4 2 .3034

2 1 .3223 4 3 ,47521

2 2 .3299 4 4 .1570

2 3 .5957 1  4 7 9955 "

2 4 .1614 4 8 .1105

2 5 .1427 4 9 .82031

2 6 .83031 4 10 .46141

I A13

I LOCKHEED MISSILES & SPACE COMPANY
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Table A-5

N MOLECULAR CONSTANTSN2

D1(1-6 -1 G v)(m 1

State v Bv(cm") D(10cm ) Fax Go(V)(c m

+ 0 1.922 6.0 192'20 0.0 1
1 1.902 6.0 19020 2174.8
2 1. 879 6. 0 18790 4317.0
3 1.861 6.0 18610 6426.4
4 1.841 6.0 18410 8502.8
5 1.826 6.0 18260 10545.8
6 1.808 6.,0 18080 12555.0
7 1.781 6. 0 17810 14530.7
8 1.766 6.0 17660 16470.6
9 1.740 6.10 17400 18377. 6
1. 0 1.724 6.0 17240 20249.7
11 1.703 6.0 17030 22086.5
12 1. 68'3 6.0 16,830 23887.6
13 1. 663 6.0 16630 25652.4
14 1.641 6.0 16410 27380. 5
15 1. 620 6.0 16200 29071.6
16 1.593 6.0 15930 30725.1
17 1.572 6.0 15720 32340.5
18 1.552 6.0 15520 3-3917.3

ElZ 0 2.703 6.0 20730 0.0 I
u 1 2.049 6.0 20490 2371.5

2 2.025 6.0 20250 4690.3
3 2.002 6.0 20020 6950.7 IL
4 1.968 6.0 19680 9147.1

5 1.926 6.0 19260 11269.9
6 1.896 6.0 18960 13310.9
7 1.852 6.0 18520 15262.0
8 1.810 6.0 18106 17100.2
9 1.762 6.0 17620 18827.1

10 1.710 6.0 17100 20423.8
11 1.653 6.0 16530 21903.3
12 1.595 6.0 15950 23275.1
13 1.545 6.0 15450 24551.4
14 1.494 6.0 14940 25747.7
15 1.452 6.0 14520 26874.3

16 1.404 6.0 14040 27941.4
17 1.355 6.0 13550 28956.9

A-14 I

LOCKHEED MISSILES & SPACE COMPANY j



Table A-6

I FRANCK-CONDON FACTORS FOR T B -

(FIRST NEGATIVE) SYSTEM N +

V' v q Vo V" q

0 0 .6509 6 4 .2673

0 1 2588 6 5 .2830

0 2 .7061 6 6 63W 1

__ _ __i 30e14 . 6 8 ....... ___ __ __ __

1 1 .2226 6 9 .1150

1 2 .2860 6 10 .7442-1

1 3 .1324 6 11 .36511

1 4 ,42731 7 4 .2789 - 1

2 0 ,4537 1 7 5 ,3068
2 1 .4060 7 6 .2414

2 2 .50651 7 7 .72360

12 3 .2290 7 9 ,8084 1

2 4 .1653 7 10 .1084

2 5 .71131 7 11 .8051

3 1 .1056 7 12 .44111

3 2 .4137 8 5 .3419-1

3 4 .1557 8 6 .3401

3 5 .706 8 7 .2083
3 6 .9451 1 8 8 .84681

3 7 .3801-1 8 10 .58651

4 2 .1660 8 11 .98211

4 3 .3792 8 12 .8319-1

4 5 .9290 1  8 .13 .5053 1

4 6 .1569 9 6 .389034 7 .1096 9 7 .3686

4 8 .5236 !  9 8 .1837

5 3 .2205 9 9 .90650 1

5 4 .3310 9 11 .4075-1

1 5 6 .4815 1 9 12 .86281

5 7 .1333 9 13 .828801

5 8 .1161 9 14 .5544

5 9 .6488- 10 7 .41531

E M A-iM.1LOCKHEED MISSILES & SPACE COMPANY
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Table A-6 (Continued) TI

v' v" q q Ii
10 8 .3932 12 18 .40581

10 9 .1672 13 10 .3432 " 1

10 10 .9:141 1 13 11 .4496

10 13 .73931 13 12 .1593 U
10 14 .8018-1 13 13 .73841

. ... ... is 13

10 i5 .58721 13 16 .4189-1

10 16 .3410 13 17 .640W 1

11 8 .4170-1 13 18 .5968-1

11 9 .4149 14 12 .4614
11 10 .1579 14 13 ,1697

11 11 .818 1  14 14 .6418-1
11 14 .62081 14 17 .33901

11 15 .71574-4 14 18 .577441

11 16 .6041 1 15 13 .4681 A
12 9 63928 - 1 15 14 .1866
12 10 .4338 15 15 .53551

12 11 .1554 16 14 .4676
12 12 .8204-1 16 15 .2104
12 15 .5131-1 16 16 .4236-1

12 16 .7018-1 17 15 .4579

12 17 .60661 17 16 .2413

;ii

A-16
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Table A-7

NO MOLECULAR CONSTANTS
State v B (cm-) Dv(cm'l) Y G 1 (v) (cm ) G2 (v) (cm- 1 )

I X2 n 0 1. 6957 5 x 10-6  73.24 948.52 948.34
1 1.6779 5 x 10-6  74.02 2824.61 2824.08

1 2 1.6601 5 x 10-6 74.81 4672.74 4671.86
....____ .....____________ AL6 ,, 5 x 1-06 75.62 .6492.92 6491.70 

4 1. 6245 5 x 10 6  76.46 8285.13 8283.56

5 1.6067 5 x 10-6  77.30 10049.37 10047.44
6 1. 5889 5 x 10-6 78. 16 11785.63 11783.35
7 L.5711 5 x 106  79.05 13493.91 1349L,28

8 15533 5 x 10-6 79.95 15174.18 15171.20

9 1.53155 5 x 10- 6  80.88 16826.46 16823.13
10 1.5177 5 x 10-6 81.83 18450.73 18447.06
11 1.4999 5x 10-6 82.80 20047.00 20042.82

12 1.4821 5 x 10-4 83.80 21615.13 21610.53f 13 1.4643 $ x 10-6 84.81 23154. 94 23149.82

14 1.4465 5 x 10-6 85.86 24666.29 24660.64
15 1.4287 5 x 10-6 86.93 26148.95 26142.79

16 1.4109 5 x 10-6 88.02 27602.67 27595.91

!

I

I 2

I

OIAE M17
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Table A-7 (Continued)i

State V BD v v 1 (V) G2

B21 0 1.118 6 x 10-6 28.6 516.58 517.30

1 1.105 6 x 10-6 29 1538.66 1540.8

2 16 93 A x 10-6 31 2546.4 9550.0

3 1.081 6 x 10-6 32 3540.4 3545.4

4 1.068 6 x 106 29 4521.2 4527.7

5 1.056 6 x 10-6 36 5489.4 5497.3

6 1.041 6 X 10 38 6445.6 6455. 1

ID G(v) Go(V)

State v B Dv

2+ -6
AZ 0 1.9870 6 x 10 18.

1 1.9688 6 x i0- 6  3523.4 2341.4 I
2 1.9498 6 x 10 6  5833.4 4651.4

3 1.92.90 6 x 16 8110.2 6928.2

4 1.9108 6 x 10-6 10352.6 9170.7 II
5 1.8906 6 x 10- 6 19562.4 11380.4

6 1.8684 6 x 106 '  14740.8 13558.8

7 1.8486 6 x 10- 6 16885.1 15703.1

A- 18

LOCKHEED MISSILES & SPACE COMPANY I
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I
Table A-8a

I FRANCK-CONDON FACTORS FOR NO BETA SYSTEM (B 21 - X 2n)

V' V"t  q VI VII q }
0 5 . - 2 14 .1304

6 .11033 15 .1299

8 .1735

9 .1679 3 2 54451

j 10 .1351 3 .88171

11 .9059 4 .7012

12 .50681 8 .60411

11 .5971
1 4 .74611 12 .68821

1 5 1103 15 .65501

6 .1097 16 .1278

1 7 .64331

10 .5313 - 1 4 2 .74501

1 11 .1155 3 .75691

12 .1429

13 .1233 5 2 .7975 "1

14 .79831 16 .62061

2 3 .6959-1 6 1 .6444 1

4 .98351 2 .67471

I 5 .77831

9 .8224 1

10 .5693-

13 .7586 -

I

I A19
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Table A-8b ii
FRANCK-CONDON FACTORS FOR NO GAMMA SYSTEM (A 22+ X 2Hl)

V1  v' q V1  V" q

0 0 :1653 4 0 .5073-1

1 .2636 i .2374

2 .2376 3 .1263

3 .1604 5 .54761

4 .90711 6 .87841

10 .52361

1 0 .3291 11 .711611

1 .1049 12 .6971-1

3 ,7214' 1 13 .56361

4 .1349

5 .1339 5 1 .1338

6 .9858 2 .1976
7 .6077-1 4 .1026 i

5 5125

2 0 .2906 7 .6288 -1

2 .1545 8 .6791 -1

3 .7523 1 13 .6049-1

6 .8848 1  14 .61481

7 .1056

8 .8995 6 2 .1989

9 .62921 3 .9697 !

4 .5754-1

.1504 .8821

1 .1903 9 .62841

4 .1131 10 .5168-1

5 .5129 -

8 .6550 7 2 .94671

9 .85491 3 .2113

10 .79331 5 .1058

11 .6037'1 7 .73271

11 .5772 - 1

A 20
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I Table A,9

1 02 MOLECULAR CONSTANTS*

-1 ~ 6 -1-State v B (Cm ) Dv (0lem ) F G (v) (ca )
v v max 0

X 3 Eg 0 1.438 4.913 9110. 5 0.0

1 1.422 4.825 9011. 8 1556.4

2 -1.406 4.737 8913.2 3089. 1

3 1. 390 4i,649 8614.6 4 3

..4 1. 375 4.561 8716. 0 6084.4

5 1. 359 4.473 8617.3 7547.4

6 1.343 4. 385 8518.7 8987.5

7 -1.327 4.297 8420.1 10404. 9

8 1.311 4.209 8321.4 11799.7

9 1. 296 4. 121 8222.8 13171. 8

10 1.280 4, 033 8124.2 14521.4

11 1.264 3. 945 8025.5 15848.3
12 1.248 3:. 857 7926.9 17152.7

13 1.232 3. 769 7828.3 18434.2

14 1.217 3.681 7729.6 19693.0

15 1.201 3.593 7631.0 20928.7

16 1.185 3.505 7532.4 22141.2

17 1.169 3.417 7433.8 23330.3

18 1.154 3.329 7335.1 24495.7

j 19 1.138 3.241 7236.5 25637.2

20 1.122 3.153 7137.9 26754.4

21 1.106 3.065 7039.2 27846.9

22 1.090 2.977 6940.6 28914.4

23 1.074 2.889 6842.0 29956.5

124 1.059 2.801 6743.3 30972.6
25 1.043 2.713 6644.7 31962.3

26 1.027 2.625 6546.1 32925.0
27 1.011 2.537 6447.4 :33860.2

1 28 0.9956 2.449 6348.8 34767.3

29 0.9798 2.361 6250.2 35645.7

I
A-21
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Table A-9 (Cont'd) I
-i-6 -1 -1

State v B (cm) Dv(1,0 cm) F G (v) (cm )

B U 0 0.8130 4.380 7'771.0 0.0

1 0.7980 4.3 80 7083.0 688.0
2 0.78,50 4. 380 6417.0 1353.1

3 0.7700 4.380 5776. 0 1994.6
4 O0 7540 4,3 5 - 5 L7,:0 .2

5 0. 7350 4.3180 4566.0 3204.0

6 0. 7190 4.380 4005.0 3765.2

7 0.7020 4.380 3475.0 4299.2

8 . 6710 4.380 2970.0 4799.6

9 0. 6510 4.380 2504.0 5265.0

10 0.6330 4.380 2075.0 5694.2

11 04 5930 4.380 1687.0 6082.4

12 0. 5625 13.000 1343.0 6427.0

13 045247 16.800 1043.0 6727.9

14 0.48'36 21.200 788.0 6982.9 Ti
15 0.4399 25.700 578.0 7192.9

16 0.3953 34.300 409.0 7361.9

17 0.3470 45.000 150.0 7494.8

18 0. 2960 5:2.00 100.00 7596.9

19 0. 2580 49. 00 70.0 7672.6

20 0.2070 76.000 35.0 7725.2

A-22
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I

I Table A-10

02 SCHUMANN-RUNGE FRANCK-CONDON FACTORS

Vill q (vt ,v") v V"q(y)1 1
0 8 .1253 I  1 13 .21841

0 9 .2802"1 1 15 .1833 1

0 10.32 1 16 . ,p 1

0 11 .8667 1 17 .1137

I 0 12 .1213 1 18 .1301

0 13 .1465 1 19 .1120

0 14 .1528 2 2 .6472 4

0 15 .13'79 2 3 .4520 3

0 16 .1074 2 4 ,22002

0 17 .72101 2 5 .78862

0 18 .41591 2 6 .21381

j 0 19 .205W1 2 7 .4420-1

1 2 .1294 9  2 8 .6899 "1

1 3 .1022 3  2 9 .7819 -1

1 5 .2407 2 2 10 .58041

1 6 .78862 2 11 .20001

1 7 .20491 2 13 .213904

1 8 .4262-1  2 14 .6073-1

1 1 9 .70841 2 15 .69591

1 10 .9271- 2 16 .3556 -1

1 11 .91951 2 18 .1536-1

1 12 .6286"i 2 19 .7004 -

I A-23
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Table A-10 (Continued)

vt V" q (v',v") V' v" q (v',vI) I
3 0 .1043 -  4 6 6530,6

3 1 .2243 - 4  4 7 .6118 " 1

3 2 .2248 .  4 8 .3937-1

3 3 .1386 4 11 .3550Ci

-23 4 .5844 4 12 .4551

3 5 .17671 4 13 .1519-

3 6 .3896 "  4 15 .3357 "1

3 7 .6189 4 16 .49761

3 8 .67161 4 17 .16871

3 9 .4256 i  4 19 ,41761

3 12 .35441 5 1 •1711 3

3 13 .5616 i  5 2 .1374-2

a 14 .3187 5 3 6558-2

3 16 .17761- 5 4 .20381

3 17 .5938 - 1 5 5 .42241I

3 18 .5971 "  5 16 .5654 -- 1

3 19 .17701 5 7 .4268 U
4 0 .34795 5 8 .1022-1

4 1 .6790 5 10 .2965 "1

4 2 .6084 4 5 11 .4000~ j
-2 -

4 3 .3310~ 5 12 .1149

_ o-3 , o 1 DC;

44.1202-1 5 14 .3420

4 5 .3033 "1 5 15 .36111

A-24
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I Table A-b0 (Continued)

vq,( v _v _

5 16 .37201 7 4 .375C~

517 .18601 7 .400C

1 18 .476W7 7 6 .30WC

5 19 .28361 7 9 .3 32 11

6 1 .373C~ 7 10 .20WC1

6 2 .2W 7 12 .2098

6 3 .112i 71 7 13 .3004 1

I 6 4 .29501 7 15 .1305i

65 .493C1 7 16 .34W71

6 a .47Wf 1  7 17 .80052

6 7 .1874 7 18 .86W7

6 9 .2217 19 .38W2

1 6 10 .37541 8 21*3430

6 11 .141C 1 8 3 .232W1

6 13 .2919I 8 4 .42501

6 14 .30501 8 5 .4150

6 16 .16771 8 6 .13W01

1 6 17 .4002-- 8 8 .23Wf1

618 .16 18 9 .28291

.-2 -
6 19 .6046~ 8 11 .1033

3 7 1 .726-2- 8 12 .2975--

7 2 .4660 - 8 15 .30321

1 7 3 .16981 8 16 .10WC'

I A-2
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Table A-10 (Continued)
+t q~v +++

v' q(vv') v v q , r

18 17 .57261 10 11 .23861

8 18 .32811 10 13 .12711

8 19 .1098 1 10 14 .2247 1

.10165- 10 3 16 rl17-95,

9 3 .29101 10 17 .190211

9 4 .4341 11 3 .3640

9 5 .2967-1 11 4 .3327

9 .23111 5 .6897- 2

9 9 .131 1 7 .241W1

9 11 .2422-1 11 8 .13331

9 12 .15 11 10 .1

9 14 .2382=-1 11 11 .1208-1

9 15 .16071 11 13 .22311 1
9 16 .12942 11 16 .230W1

9 17 .269214 12 3 .36951 0

9 18 .1339 --  12 4 .2471

10 2 .14391 12 6 ,1126--'

10 3 .33721 12 7 .2375 "

-1 12101
10 4 .400Q 12 10 .2114 -

10 5 .1701 "!  12 12 .1175 +j

10 7 1903 -1 12 13 .1758

-1 1215.16
10 8 .2433 "!  15 .18681

10 10 .11931 13 3 .35261 I

A-26 3

LOCKHEED MISSILES & SPACE COMPANY j



1 2-57-62-4

Table A-10 (Continued)

1 q (, v") v' v" q (v',v")

13 4 .1616l 16 5 .11401

13 6 .1764 16 6 .1694

13 7 I750 l  16 8 .12741

.13 9 .1582 - 1 16 9 .10621

[ 13 10 ,1339 i  16 11 .159f 1

13 12 .18781 16 14 .1066 I

13 15 ,1854 1  17 5 .14841

I 14 4 .3176 1  17 6 1199i

14 4 .88052 17 8 .1536 "1

14 6 .2089 17 11 .1330 i

14 7 .9600 - 2 17 13 .13931

14 9 .1898 18 5 .16611

j 14 12 .1685 18 8 .1491

14 14 .1528 -  18 13 .1328 -!

15 6 .204C1 19 5 .16611

15 9 .1649 "1 19 8 .1210 -1

15 11 .1358 20 5 .15151

I 15 14 .16731
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i Appendix

SUPPLEMENTARY NUCLEAR WEAPON EFFECTS STUDY

I B. I INTRODUCTION

The proper theoretical description of the fireball resulting from a nuclear detonation
requires that the radiative transport of energy be included in the appropriate hydro-3 dynamical description of the fireball development. When this is attempted, it is

quickly found that numerical calculations are required to solve the equations involved.

I The machine codes for such numerical computations are commonly referred to as

coupled radiation-hydrodynamics codes.

I Brode (Ref. 23), of the Rand Corporation, has used such codes for a variety of fireball

computations. His results are valid at earlier times when the fireball is essentially
optically thick and when the energy lost is small compared to the internal energy of

the system. in terms of low altitude fireball pheno menology, his results are valid attimes earlier than the time to light minimum. It is to be noted that the fireball is still

optically thick at this time, and only a small fraction of the weapon yield has escaped

3 the system via thermal radiation. It should further be noted that the time of minimum

corresponds approximately to the time at which the shock wave departs from the radia-I ting region of the fireball and the Brode results should thus give an adequate descrip-

tion of the advancing shock front.

I Proper theoretical description of the final pulse of thermal radiation which involves

as much as half of the weapon yield, requires that the radiation-hydrodynamics code

I be capable of treating radiative transport in both optically thick and optically thin media

in conjunction with the appropriate hydrodynamics. Such a code has been developed

U and is described below.

L
3 B-i
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B. 2 GENERAL DESCRIPTION

The code developed for late time fireball computations is a generalization of the

Richtmyer-von Neumann artificial viscosity technique for a spherical Lagrangian

system in which the divergence of the radiative flux appears in the hyperbolic partial

differential equation which expresses the conservation of energy for a given mass zone. 11
The basic differential equations are those given by Richtmyer (Ref. 24)

au 1 Rrt2 __ B)p

8R B

tt e a 2 ia t a F (B .3)

modified to include this additional radiative term. Without this term, the solution of

the equations is a standard initial valueproblem which can be integrated explicitly

Such solutions are well known; only those modifications required to include the radia-

tive transport will be discussed here.

Formulation of the Radiative Energy Transport

To understand the basic problem of radiative transport, consider the standard equation

of radiative transfer for a medium in local thermodynamic equilibrium and for a plane -

parallel geometry:

dls 0 ( x .... 0) v B - -+

where the quantities are defined in the standard terminology as given by Chandrasekhar

(Ref. 25).

B2 J
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This equation represents the change in the specific intensity of the radiation along a

ray having a given direction in space. Since an infinite number of directions for rays

can be assigned to any unit volume under consideration, it is clear that Eq. (B. 4)
represents an infinite set of differential equations which are functions of position,

direction in space, and radiation frequency.!
The solution for this set of equations has been obtained in closed form by chandrasekhar

'-of6 95-i vi 55--fft- based -on a mhethod -in which-the--adation field is -represented-by
2N streams where, in the limit, N approaches infinity. The convergence of this

solution is shown to be critically dependent on the proper choice of radiation streams
used in the first approximation, i. e., N 1 1, which corresponds to the two-stream

method of A. Schuster and K. Schwarzaschld (1905). Suitable choice of the directions

of the two rays used to represent the radiation field results in a formulation of the
gross energy transport, whose accuracy is considerably greater than the accuracyU with which we know the appropriate absorption coefficients. The accuracy of this
approach improves when it is applied to thin isothermal slabs as contrasted with the
usual application to an atmosphere of essentially infinite extent.

The basic physics of the Schuster 4chwarzschiid method has been carried over to
spherical geometry. In this application, the inclination of the chosen radiation streams
changes with the relative radius of curvature of the spherical zones. When the radius

of curvature becomes large compared to the zone thickness, the appropriate inclination

is that which is applicable for plane-parallel geometry. Indeed, in this limit, the3 exact solution for the flux in terms of exponential integrals may be employed and no
approximation is required. However, in the present application, other conditions of
the problem made it desirable to maintain the two-stream approximation, the choice
of inclination being determined by the condition that the difference in these two solutions

be held to a minimum, The proper choice of inclination near the center of the sphere
has been temporarily postponed by choosing the central zones such that they are optc-

ally thick and by requiring that the two-stream solution transform into the diffusion
I approximation which is applicable under these conditions.

3 B-3
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The actual formulation of the flux is then carried out 'using the formal integral solution

(Ref. 25) of the equation of transfer for the specific intensity along the representative

rays. The source function is assumed to be that which is appropriate under conditions

of local thermodynamic equilibrium and is expanded in terms of the -temperatures

and derivatives of the temperatures - at the zone boundaries. While the code has been

written to allow the spectrum to be divided into any desired number of frequency bands,

the initial computations have been carried out using the Rosseland mean absorption

coefficients for the purposes to be enumerated later.

The numerical solution is carried out by explicit integration of the basic equations,

except for the energy equation, using the wellkno'm Riehtmyer-von Neumann method

(Ref. 26). The integration of the energy equation cannot be carried out explicitly since

the radiative flux term for any particular zone is dependent upon the temperatures of

the neighboring zones. Since the density is known at this stage of the solution, it is

convenient to express the energy equation in terms of zone temperatures alone. The A

solution is then carried out by assuming an approximate temperature for each zone

and using a Newton-Raphson iteration scheme to adjust the zone temperatures until

changes in temperatures on subsequont iterations are less than a pre-determined

amount.

This method of iteration involves the solution of N linear equations in N unknowns,

where N is the number of zones and is usually of the order of a hundred. Such a
system is in principle easily soluble by computer methods, but the procedure is time

consuming. in practice only a few zones in each direction measurably influence the !I

temperature iteration for a particular zone, which results in a simplification. In a
first solution of the problem a five-zone centered system has been used which results

in a matrix having five terms across the diagonal. After suitable scaling, such a

system is rapidly soluble by direct elimination and back substitution.

As part of the check out procedure, the equation of state and formulation of the mean

absorption coefficient given by Brode (Ref. 23) were used so as to reproduce his results

over an appropriate period of fireball history. Using 100 zones, and 3 iterations per

LOCKHEED MISSILES & SPACE COMPANY
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hydrodynamical cycle, the code proceeds successfully about 200 time steps per hour.

With minor modifications, the code has also been applied to a problem in thermal

I ablation in fireballs and to problems in stellar stability.

Interpolation formulae are currently being written for mean absorption coefficients

for chosen spectral bands appropriate to late fireball development

Initial Energy Deposition in Variable Density Atmosphere

When a nuclear device is detonated in the atmosphere, a large percentage of the energy

released is radiated away and is deposited in the surrounding atmosphere. Since the

air density exhibits a large variation with altitude, it follows that the scale of distances

over which this energy is absorbed by the air will be dpendent upon the burst altitude.

Consequently the energy density also exhibits a dependence on altitude.

The sequence of radiative and hydrodynamic events which follows this initial phase is

I dependent upon the radial energy distribution. Thus, one would expect the scaling

laws, for various weapons effects as a function of altitude, to also exhibit a dependence

on the initial energy deposit. It is therefore of interest to perform computations of
this distribution as a function of weapon yield and altitude.

Because of the large number of cases of interest, a machine code was written to per-

form the appropriate computations. The basic equations involved are

RIE 1_ - f K (pv)p(A)dRdE_ 1

K2 fw K(pV) p(A) e o dv (B.5)

p p(A) (B.6)

B-5
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KV =,(p.V) (B. 7)I

T = T(E,p) (B. 8)

where
. dE energyper ,nit tIit Aip i t dis.taneg R from the point of

detonation. I
p - air density as a function of altitude A

K - absorption coefficient of air

W V total energy of frequency v radiated by the source,

Equation (B. 6) was evaluated by using an empirical fit to the ARDC Standard Atmosphere

(Ref. 27).

The absorption coefficients used were those of Gilmore (Ref. 28) for cold air. Stripping

was neglected since it appears to have only a small effect upon the later development.

In coding the problem, the radiative output of the source was divided into 11 separate ri

spectral regions, and a corresponding average opacity was chosen for each of these

regions. A minor modification of the code allows a larger number of Spectral regions 1
to be used when desired. The code carries out radial computations for the downward

direction and at directions in space differing by 10 deg, or any multiple of 10 deg, as

may be desired. The printed output for each direction in space lists the radius from

the point of detonation for 35 different points and the air density, altitude, and energy

density for each point.

Temperatures were determined using the tabulated equation-of state data given by 11
Gilmore (Ref. 16), and Hilsenrath and Beckett (Ref. 29). Initial runs have shown that

a better representation of the equation of state for air is desirable. I
i

B6 1
LOCKHEED MISSILES & SPACE COMPANY



2-57-62-2

!
The initial runs included a variety of yields and altitudes, including cases applicable

to previous field test situations and cases of interest for future planning. Considerable

success was obtained in predicting a number of the effects observed in earlier field
tests, but a better handling of the equation of state is indicated before the results are

presented in scaling law form.
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